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1. I n t r o d u c t i o n  

I n  r e c e n t  pape r s  (Sire, 1958a, b) t he  express ions  de r ived  
b y  Wilson  (1949) for t he  p robab i l i t y  d i s t r ibu t ions  of 
s t r u c t u r e  a m p l i t u d e s  a n d  X - r a y  in tens i t ies  were  e x t e n d e d  
to  t he  case of u n i t  cells con t a in ing  an  a t o m  or a t o m s  of 
la rger  a t o m i c  n u m b e r  t h a n  the  r e m a i n i n g  a toms .  These  
mod i f i ed  p robab i l i t y  d i s t r ibu t ions  were  used  ini t ia l ly  to 
inves t iga t e  t h e  ef fec t  of t he  p resence  of a h e a v y  a t o m  in 
a t r icl inic cell on the  c u m u l a t i v e  d i s t r ibu t ion  func t ion  
N(z) (Howells,  Phil l ips & Rogers ,  1950), de f ined  as t he  
f r ac t ion  of ref lexions  w i th  1 / (1 )  less t h a n  or equal  to z. 
T o w a r d s  t he  comple t ion  of t h a t  p ro j ec t  t he  idea occu r red  
of us ing as an  a l t e r n a t i v e  t e s t  for  d i f f e ren t i a t ing  b e t w e e n  
e e n t r o s y m m e t r i c a l  a n d  n o n - c e n t r o s y m m e t r i c a l  s t r u c t u r e s  
a c u m u l a t i v e  d i s t r ibu t ion  f u n c t i o n  based  on s t r u c t u r e  
a m p l i t u d e s  r a t h e r  t h a n  on intensi t ies .  The  func t ion  N(x)  
is t h e n  de f ined  as t h e  f r ac t ion  of ref lexions  w i th  ]F]/(IF]) 
less t h a n  or equa l  to  x. Values  of N(x)  for a tr icl inic cell 
con ta in ing  one h e a v y  a t o m  (H) a n d  a n u m b e r  of l ight  
a t o m s  (L) h a v e  been  ca l cu la t ed  accord ing ly ,  in t e rms  of 
t h e  p a r a m e t e r  r de f ined  b y  

_,~"  / ~.,112 r --JHI~_~ L , 
where  

m 

= ~ f i  
i = 1  

is a s u m m a t i o n  over  t he  m l ight  a t o m s  in the  u n i t  cell. 
T h e  d i s t r ibu t ions  so de r ived  are  d e n o t e d  b y  1N(x, r) in 
t h e  acen t r i c  case a n d  xN(x,  r) in t he  cent r ic  case. W h e n  
r is zero these  d i s t r ibu t ions  b e c o m e  1N(x) a n d  xN(x),  
respec t ive ly ,  ana logous  to  t he  1N(z) a n d  TN(z) d is t r ibu-  
t ions  of I-Iowells et al. (1950). 

T h e  e x p e r i m e n t a l  N(x)  d i s t r i bu t ion  can  be used  qu i te  
genera l ly ,  e x a c t l y  as t he  /V(z) d i s t r i bu t ion  is used,  to 
d is t inguish  b e t w e e n  c e n t r o s y m m e t r i c a l  a n d  non-cen t ro -  
s y m m e t r i c a l  s t ruc tu re s .  

2.  T h e  a c e n t r i c  c a s e  

T h e  p r o b a b i l i t y  p(]FI)dIF] of ob ta in ing  a va lue  of IFI 
b e t w e e n  IFI a n d  IFI+ d[F I is (Sim, 1958a), 

p(IFI)dlFI  = 21FI ( Z s ) - '  e x p  [ - (1Fl~+f~)/_,yz] 
x l o ( 2 f H I F I / _ , Y s )  d[ l~ '  I . 

T h e  a v e r a g e  va lue  of IF I, {JFI}, is t h e n  (Sire, 1958b), 

{ f r i )  '/~ = Z L  q(r) ,  

t he  func t i on  q(r) being  def ined  b y  

q(r) = ½(~)½ exp ( - r 2 / 2 )  [(1 + r~)Io(r2/2)+ r~Ii(r2/2)], 

where  I 0 (x) a n d  I i ( x  ) are  r e spec t ive ly  the  zero-order  a n d  
f i r s t -o rder  Bessel  func t ions  w i t h  i m a g i n a r y  a r g u m e n t  
(Watson,  1922, p. 77). 

:Now let  
x = I F I / ( I F I }  

s o  t h a t  

p(x) dx = 2q 2 (r)x exp [ - {q2 (r) x 2 + r 2 }] I o [2rq(r)x] d x ,  

a n d  
,X 

1N(x, r) = ~ p (x )dx  . 
,0 

Values  of ~N(x, r) ob ta ined  b y  n u m e r i c a l  i n t eg ra t i on  a re  
l is ted in Tab le  1. 

W h e n  r is zero the  c u m u l a t i v e  d i s t r ibu t ion  f u n c t i o n  
t akes  t he  f o r m  

1N(x) = 1 - e x p  [ - [ ~ x ~ ] .  

T a b l e  1. Values of (a) iN(x, r) and (b) TN(x, r) 
(a) 

x 0 1 2 3 4 

0.0 0.000 0.000 0.000 0"000 0.000 
0-1 0.008 0.006 0-001 0.000 0.000 
0.2 0.031 0.024 0.004 0.000 0-000 
0.3 0-068 0.054 0.012 0.001 0-000 
0.4 0-118 0-096 0.028 0.004 0.000 
0.5 0.178 0.149 0.058 0.013 0.002 
0.6 0.246 0.212 0.106 0.038 0.010 
0.7 0.319 0.284 0.176 0.092 0.041 
0.8 0.395 0.362 0.269 0.188 0-123 
0.9 0-471 0.443 0.38l 0.330 0-281 
1.0 0-544 0.524 0.504 0.501 0-500 
1.1 0.613 0.603 0.625 0.672 0.719 
1.2 0.677 0.677 0.735 0-812 0.877 
1.3 0.735 0.744 0-825 0.908 0.959 
1.4 0.786 0.802 0-893 0.961 0.990 
1.5 0.829 0.851 0.939 0.986 0.998 
1.6 0-866 0.891 0-968 0-996 1-000 

(b) 
r 

x 0 1 2 3 4 
0.0 0.000 0.000 0.000 0.000 0-000 
0.1 0.064 0.056 0-022 0.003 0-000 
0"2 0.127 0"113 0"047 0.008 0"001 
0-3 0.189 0-169 0.077 0-018 0.003 
0.4 0.250 0.226 0.114 0-036 0"008 
0"5 0.310 0.282 0.159 0-067 0.023 
0"6 0-368 0"338 0-214 0"115 0"055 
0.7 0.424 0"393 0.278 0.184 0.115 
0"8 0.477 0"447 0.349 0-274 0.212 
0"9 0.527 0"500 0.427 0.382 0.345 
1-0 0.575 0-551 0-507 0.500 0.500 
1.1 0.620 0"600 0.587 0.618 0.655 
1.2 0.662 0-647 0-663 0-726 0-788 
1.3 0"700 0.691 0.733 0-816 0-885 
1.4 0"736 0.732 0"795 0-885 0.945 
1.5 0"769 0"770 0"847 0"933 0.977 
1.6 0"798 0"805 0.890 0.964 0.992 

3.  T h e  c e n t r i c  c a s e  
I n  this  case 

p(IF[)d[FI = (2~ ,~L)--½ {exp [ - - ( IF  l --fH)2/2 .,~L] 
+ exp [ -- (IF l +fg)2/2~v,L]}dJFI . 

T h e  ave rage  va lue  of IFI is t h e n  
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Tab le  2. Some N(x) distributions 

t 

0 0.2 0.4 0-6 0.8 
Sorbic acid 0.000 0.147 0.275 0.376 0.459 
Azulene 0.000 0.074 0.245 0-361 0.454 
L-Serine phosphate 0.000 0.008 0.130 0.276 0-415 
Nickel phthalocyanine 0.000 0.000 0.165 0.294 0.397 
TN(x, 1.2) 0.000 0.100 0.206 0-315 0.426 
Pla t inum phthalocyanine 0.000 0-000 0.011 0.112 0.230 
fN(x, 3.5) 0-000 0.003 0.018 0.070 0-240 
Rubidium hydrogen 

di-o-nitrobenzoate 0.000 0.074 0.171 0.246 0.396 
fN(x, 1.77) 0.000 0-062 0.140 0.240 0.372 
1N(x, 1.77) 0.000 0.006 0.037 0.132 0.290 

1.0 1.2 1.4 1.6 
0.587 0.670 0.725 0.826 
0.570 0.683 0.767 0.819 
0.553 0.691 0.789 0.846 
0.500 0-651 0.722 0.857 
0.540 0.645 0.738 0-820 
0.500 0.742 0.933 0.983 
0.500 0.756 0.917 0.980 

0.513 0-658 0.775 0.845 
0.517 0.652 0.780 0.870 
0.507 0.720 0.871 0.952 

( F )  = ~ z  ~(r), 

t he  func t i on  g(r) be ing  de f ined  b y  

g(r) = 2(2~)-½ exp ( - r ~ / 2 )  + 2r~(r )  , 
w h e r e  

S" f ( r )  = (2~)-½ exp ( - u ~ / 2 ) d u .  
0 

N o w  let  
x = I F I / ( I F I )  

so t h a t  

p (x) dx = (2z)-½g(r) {exp [ - (g(r)x - r}2/2] 

a n d  ÷ exp [ - {g(r)x+ r}~/2]}dx, 
x 

rN(x, r) = lop(x)dx 

= q~[g(r)x÷ r]÷ q~[g(r)x --r] . 

Values  of rN(x ,  r) a re  g iven  in Tab le  1. 
W h e n  r is zero t h e  c u m u l a t i v e  d i s t r i bu t ion  func t ion  

t akes  t he  fo rm 
-fN(x) = 2~[2(2~)-½x] .  

4 .  D i s c u s s i o n  

I n  o rder  to  tes t  t he  usefulness  of t he  p roposed  m e t h o d  
for  d i s t ingu i sh ing  b e t w e e n  c e n t r o s y m m e t r i c a l  a n d  non-  
e e n t r o s y m m e t r i c a l  s t r uc tu r e s  N(x) d i s t r ibu t ions  h a v e  
b e e n  e v a l u a t e d  f rom lists of s t r u c t u r e  a m p l i t u d e s  for a 
n u m b e r  of subs t ances  a n d  the  resul ts  a re  l is ted in Tab le  2. 

I n  t he  case of sorbic ac id  t he  d i f f rac t ion  cond i t ions  
a l low t h e  space g roup  to  be e i the r  Cc or C2/c. T h e  N(x) 
t es t  app l i ed  to t h e  (hOl) s t r u c t u r e  a m p l i t u d e s  c lear ly  
ind ica tes  t he  c e n t r o s y m m e t r i c a l  choice to be  the  cor rec t  
one.  This  choice  is con f i rmed  b y  the  successful  r e f i n e m e n t  
of t h e  s t r u c t u r e  based  on C2/c (Lonsdale ,  R o b e r t s o n  & 
W o o d w a r d ,  1941; R o b e r t s o n  & S u t h e r l a n d ,  1959). I n  t he  
case of azu lene  t h e r e  has  been  c o n t r o v e r s y  over  t he  choice 
of Pa or P21/a as t h e  space  group,  a c o n t r o v e r s y  on ly  
r e c e n t l y  se t t l ed  b y  the  successful  r e f i n e m e n t  of a dis- 
o r d e r e d  s t r u c t u r e  based  on P21/a (Rober t son ,  Shearer ,  
Sire & W a t s o n ,  1958). T h e  e x p e r i m e n t a l  N(x) values  
d e r i v e d  f rom the  t h r e e - d i m e n s i o n a l  s t r u c t u r e  a m p l i t u d e  
d a t a  also c lear ly  f avour  P21/a as t he  space group .  
L-serine p h o s p h a t e  (McCallum, R o b e r t s o n  & Sire, 1959) 
has  space  g roup  P212121 a n d  the  N(x) values  de r ived  f rom 
the  t h r e e - d i m e n s i o n a l  s t r u c t u r e  a m p l i t u d e  d a t a  (omi t t ing  
zonal  reflexions)  are  in good  a g r e e m e n t  w i t h  t he  theo-  
re t ica l  1N(x) values .  

T h e  effect  of a h e a v y  a t o m  a t  t he  or igin is c lear ly  

d e m o n s t r a t e d  b y  cons ider ing  the  (hO1) d a t a  for  t h e  n icke l  
a n d  p l a t i n u m  p h t h a l o c y a n i n e s  (Robe r t son  & W o o d w a r d ,  
1937, 1940), t he  space  g roup  be ing  P21/a. Since t h e  pa ra -  
m e t e r  r var ies  w i t h  t h e  B r a g g  angle  0 su i t ab le  ave rage  
va lues  we re  de r i ved  b y  t a k i n g  va lues  of t h e  s ca t t e r ing  
fac tors  a t  sin 0/~t=0.25. T h e  va lues  so de r i ved  are  1.2 
a n d  3"5 for t h e  n icke l  a n d  p l a t i n u m  c o m p o u n d s ,  respec-  
t ive ly .  I n t e r p o l a t i o n  in Tab le  1 for these  va lues  of r gave  
va lues  of TN(x, 1"2) a n d  TN(x, 3"5) w h i c h  are  l is ted in 
Tab le  2 for  compar i son  w i th  t he  e x p e r i m e n t a l  resul ts .  

T h e  ac id  sa l t  r u b i d i u m  h y d r o g e n  d i -o -n i t robenzoa te  
p rov ides  a n o t h e r  e x a m p l e  of a s u b s t a n c e  w i t h  a h e a v y  
a t o m  a t  t h e  or igin (Speakman ,  1957) a n d  it  has  been  
shown  p rev ious ly  (Sire, 1958a) t h a t  t he  N(z) tes t  ind ica tes  
P 1  as t he  space  g roup  w h e n  a l lowance  is m a d e  for  t h e  
p resence  of t h e  h e a v y  a t o m .  A s imi la r  conc lus ion  is 
r e a c h e d  f rom cons ide ra t i on  of t h e  d i s t r i bu t i on  of t h e  
s t r u c t u r e  amp l i t udes ,  Tab le  2 showing  t h a t  t he  ex- 
p e r i m e n t a l  N(x)  va lues  are  in r easonab le  a g r e e m e n t  w i t h  
va lues  of TN(x, 1.77) b u t  n o t  w i th  va lues  of 1N(x, 1.77). 

I n  conc lus ion  it  can  be  sa id  t h a t  t h e  N(x)  d i s t r i bu t i on  
p rov ides  a r ea sonab le  t e s t  for  d i s t ingu i sh ing  b e t w e e n  
c e n t r o s y m m e t r i c a l  and  n o n - c e n t r o s y m m e t r i c a l  s t ruc tu re s .  
I t  possesses, howeve r ,  no  g rea t  a d v a n t a g e s  or d i s advan -  
tages  over  t h e  N(z) d i s t r i bu t i on  a n d  is p u t  f o rwa rd  
m e r e l y  as a possible a l t e r n a t i v e  tes t .  
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